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Abstract

Asset and liability management tools can be used for giving an financial advice to house-
holds or individual investors. We describe a multiperiod optimization model to determine an
optimal set of asset mix, life insurance and fire insurance in conjunction with their life cycle
and characteristics. Using three kinds of financial products, we can hedge risk against the
death of the householder, the fire of the house, and inflation. The simulated path approach
can be used to solve this problem. The household examples are illustrated to examine the
usefulness of the model served as the financial consulting tools.

1 Introduction

We discuss an optimization model to obtain an optimal investment and insurance strategy
for a household. Recently, financial institutions have promoted giving an financial advice for
individual investors. How much will the household need to save when the householder retires?
What kind of financial products should be purchased to hedge various risk such as market
risk, inflation risk, and catastrophe insurance risk? Financial institutions need to recommend
appropriate financial products to answer these questions in conjunction with a life cycle, current
asset, and future income.

We clarify how a set of asset mix, life insurance, and fire insurance affect asset and liability
management for the household. We develop the multiperiod optimization model with a set of
financial products to hedge risk associated with the life cycle of the household and to save for
the old age, and the simulated path approach (Hibiki, 2001b) can be used to solve this problem.

First studies in the literature for individual optimal investment strategy are Merton (1969) and
Samuelson (1969) which proposed lifetime portfolio selection models. Merton (1971) extended
his study, and proposed a model with a general utility function. The model determines the
optimal asset mix and consumption in the planning period so that the utility of wealth can be
maximized. Bodie, Merton and Samuelson (1992) extended the Merton problem (1971), and
modeled the life cycle. They develop the lifetime model in consideration of the fact that the
human capital (the present value of future income) changes into the real asset as it passes through
age, and obtain the optimal investment strategy and consumption. Bodie and Crane(1997)

analyze the relationship between the individual attribution(characteristics) and the stock holding
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ratio in the U.S.A. Yoshida, Yamada and Hibiki(2002) solve an optimal asset allocation problem
for a household using multi-period optimization approach. Almost of these previous researches
do not consider the cashflow associated with the insurance. In this paper, we develop the
practical life cycle model involving the life insurance of a householder and the fire and casualty
insurance.

This paper is organized as follows. Section 2 shows the current status of the individual
preference for financial products. In Section 3, we define the household and three kinds of
financial products such as securities, life insurance, and fire insurance to describe the model
structure, and we introduce the concept of the simulated path approach. Section 4 presents
the formulation for a multi-period optimization. We demonstrate some numerical tests for
a hypothetical household in Section 5 and illustrate consulting three types of households in

Section 6. Section 7 provides our concluding remarks.

2 Status of Holding of Financial Assets by Households

Table 1 shows “Public Opinion Survey on Household Financial Assets and Liabilities (2003)”

by the Central Council for Financial Services Information.

Table 1: Breakdown of Financial Assets by Type of Financial Product

The average amount of financial assets

Year 1980 1985 1990 1995 2000 2001 2002 2003
Total (In 10,000 Yen) 482 688 1,181 1,287 1,448 1,439 1,422 1,460
Deposits and savings 321 403 549 693 807 837 829 912
Money trusts and/or loan trusts 23 44 65 70 39 30 24 19
Life insurance and/or postal life insurance 76 115 229 258 300 291 277 260
Fire and casualty insurance 21 24 33 31 38 30
Personal annuity insurance 7 13 32 50 70 66 69 65
Bonds 11 20 33 28 19 17 23 21
Stocks 27 49 125 90 103 90 94 96
Investment trusts 4 12 33 27 32 26 30 22
Workers’ property accumulation savings 13 22 33 41 40 42 32 31
Other financial products - 10 61 6 5 9 6 4
The average percentage of financial assets

Year 1980 1985 1990 1995 2000 2001 2002 2003
Total 100.0% 100.0% 100.0% 100.0% 100.0% 100.0% 100.0% 100.0%
Deposits and savings 66.6% 58.6% 46.5% 53.8% 55.7% 58.2% 58.3% 62.5%
Money trusts and/or loan trusts 48% 6.4% 55% 54% 2.7% 21% 1.7% 1.3%
Life insurance and/or postal life insurance 15.8% 16.7% 19.4% 20.0% 20.7% 20.2% 19.5% 17.8%
Fire and casualty insurance 0.0% 0.0% 18% 1.9% 23% 22% 27% 2.1%
Personal annuity insurance 1.5% 1.9% 2.7% 39% 48% 4.6% 4.9% 4.5%
Bonds 2.3% 2.9% 2.8% 2.2% 1.3% 1.2% 1.6% 1.4%
Stocks 5.6% 71% 10.6% 7.0% 7.1% 6.3% 6.6% 6.6%
Investment trusts 08% 1.7% 28% 21% 22% 1.8% 21% 15%
Workers’ property accumulation savings 2.7% 32% 28% 32% 28% 29% 23% 21%
Other financial products - 15% 52% 05% 03% 06% 04% 0.3%

The average amount of financial assets per household in 2003 stands at 14,600,000 yen, up



380,000 yen from last year. By type of financial product, deposits and savings constitutes the
largest weight (62.5%) among all financial products, and subsequently total insurance reached
24.4%. The percentage of securities in total (bonds, stocks and investment trust) is only 9.5%.
We examine the component percentages of financial products in time series. Deposits and
savings keep constituting the largest percentage among all financial products. The percentage
showed a decline till 1990, but it was continuing to rise afterwards, and reached 62.5% in 2003.
The percentage of life insurance and fire and casualty insurance is not changing a lot, while
personal annuity insurance increased recently compared with 1980. The percentage of stocks
had its peak in 1990 caused by bubble economy, but it was seldom changing. We conclude that
the component percentages of financial products are not changing a lot compared with 1980, in
spite of the increase of the average amount of financial assets.

Figure 1 shows the average percentages of financial assets by age bracket of households.

Age bracket ‘
over 70 70.2 16.3 12.7 Qs
60's 63.7 23.9 11.2 1p
C \ \
50's 62.2 217.7 7.2 R.Y
C | |
40's 57.2 32.6 6.0]4.2
30's 62.4 21.8 6.4]| 94
C | |
20's 65.3 9.5 20.5 4.6
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Figure 1: The average percentages of financial assets by age bracket of households

The percentage of deposits, savings and trusts is the highest in all of the age bracket, and
it is more than 70% for ‘over 70’ especially. The 40’s have the highest percentage of insurance
and the lowest percentage of securities among all of the age bracket. In the age bracket of ‘over
40’s’, the higher the age is, the less the percentage of insurance is, and the more the percentage
of securities is.

Others in the 30’s(9.4 %) is mainly constituted by workers’ property accumulation savings.
The system is used for savings of labors from the 20’s to the 50’s. The percentages of financial
assets are different by age bracket. However, the characteristics of asset composition is similar
through all ages, due to the extremely high percentage of deposits and savings. The portfolio of
financial assets for households in Japan is not changing a lot over time, and by age bracket. This

means that we need a financial advice for individuals, and individual investors (householders)



should tailor their investment and insurance strategy to their life cycle.

Recently, Japanese financial institutions make strong efforts to the asset management for
individuals. What kind of financial products should be held to hedge various risk 7 We make
a mathematical model to solve this problem. We illustrate practical examples to examine the

usefulness of the model and to highlight the significance of the consulting service.

3 Model structure
3.1 Setting

(1) Household

We define a household as a group composed of a householder and members of family in this
paper. Asset at time ¢ held by a household can be divided into two kinds of assets: the amount
of financial asset Wj; and the amount of non-financial asset Ws;. Income at time ¢ is a wage
by the householder m; and investment return from the financial asset. There assumes to be two
kinds of expenses: the living expenses C1; and the purchase of non-financial assets Ca, such as
a house, goods, and repair costs. The household is exposed to risk associated with two kinds of
accidents: the death of the householder and the fire of the house. It is assumed that the death
of the householder makes wage earnings stop, and the fire of the house damages a fraction «
of non-financial assets. The household can purchase the life insurance and the fire insurance to
hedge risk in addition to the investment of securities such as stocks and bonds.

We define the earning function of the householder m; and the cost functions of the household
Cit, Cay exogenously as time-dependent functions. We can obtain the optimal strategy in
conjunction with the current state and the future plan of the household, such as the type of job
of the householder, the family structure, the purchase plan of the house. The fraction of damage
« caused by the fire disaster is assumed to be constant.

(2) Objective function

We assume that the current time is 0(t = 0), and a householder retires at time T, which is
a planning horizon. The objective is the minimization or maximization of the function defined
using the terminal amount of financial asset W; 7. We select the financial products using two
kinds of risk measures: the first-order lower partial moment, and conditional value at risk.

(D First-order lower partial moment

The target of the financial asset W is defined as the minimum level after the householder’s

retirement. The objective function ¢(W; r) is described as the expected amount of shortfall

below target Wg.

a(Wir) = E [[Wir — Wel_| (1)
where |a|_— = max(—a,0).
® Conditional value at risk

The objective function is defined as the expected amount of the financial asset on the condition

that the amount of financial asset is under 3-VaR(= Vj3) where (3 is any specified probability



level (ex. 3= 0.95), and it is maximized ® .

1
CVaRs =Vs =15 F (Wi = Val_] (2)

(3) Securities

The investment in risky assets contributes to a hedge against inflation. We invest in n risky
assets and cash. A rate of return Rj; of risky asset j at time ¢ is calculated using the price pj;
as follows.

Pjt
Pjt—1
A risk-free rate ry at time ¢(=0,1,...,7 — 1) is fixed in the period from time ¢ to time ¢ + 1.

Ryt = 1, (t=1,...,T) (3)

We can assume any probability distributions of R;; and 7 in the simulated path approach if we
can sample random path for Rj; and r;. However, it is assumed that R is normally distributed
with mean vector p, and the covariance matrix ¥ (R ~ N(u, ¥), and r; is constant for all t. We
calculate the price pj; by using Rj;.
(4) Life insurance

Life insurance is the insurance against death for a householder with maturity 7". If a house-
holder purchases the life insurance and dies until time 7", the household can receive the insurance
money. In this model, we look upon the life insurance as the financial product which can hedge
risk associated with the wage income earned by the householder. When the insurance policy
is designed, pure premium should be determined so that the present value of future premium
income can be equal to the present value of future premium payment. It is called the principle
of equalization of income and expenditure. The yield used in calculating the present value is
called the guaranteed interest rate.

Using the principle of equalization of income and expenditure, the relationship between a unit

of present value of premium income and the corresponding insurance money 6; is shown as :
T T -1
_ Z 19:\;& -, or 0y = {; 0 j_li;l)t} (4)
where g1 is the guaranteed interest rate of the insurance against death with maturity 7', and
A1, is the mortality rate at time ¢, or the probability that the person who is alive at time 0 will
die at time t.
We can select single payment or level payment when we pay the life insurance premium.

Premium of single payment per unit 3y, is equal to a unit of the present value of future premium

income.

YUn = 1 (5)
Premium of level payment per unit ¥, is calculated as follows, because only insured person who

is alive pays premium.

We can also define the CVaR of the initial amount minus the terminal amount of financial asset instead of the
amount of financial asset. This gives the minimization of the objective function. The equivalent optimal solution
can be derived even if we change the definition of CVaR.
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(5)Fire insurance

The household purchases one year fire insurance to hedge the damage of non-financial asset
due to the fire. The household can update the insurance contract every year, and purchase
the fire insurance policy corresponding to the future non-financial asset. Using the principle of
equalization of income and expenditure, the relationship between one unit of present value of

premium income and the corresponding insurance money 65 is shown as :
O\ 1+
= 222 o @y = 92 (7)
1+ g0 Ao
where g2 is the guaranteed interest rate of the one year fire insurance, and Ay is the rate of the

fire, or the probability that the fire occurs. It is independent on time t.
We can only select single payment because of one year fire insurance. Premium of single

payment per unit yp is equal to a unit of the present value of future premium income.
F=1 (8)

(6) Purchasing a house

We illustrate the case that we take into consideration of buying a house and we consult a
household in Section 6. We explain the relationship between cash flow of purchasing a house
and the change of asset value.

We assume that a household purchases a house with a down payment and a debt loan from
banks (Hy). The debt loan H; is the difference between the price of the house and the down
payment. The debt loan H; is the cash inflow, and the consumption expenditures for non-
financial asset Cq; is the cash outflow. However, the total amount of non-financial asset, Ws
is increased by expenditures Ca; at time ¢t when the house is purchased. the household has to
pay the debt loan periodically under the determined interest rate and the loan period after the
householder bought a house. In this paper, we include periodic payments in the expenditures
for life (C14).

3.2 Simulated path approach

It is critical for stochastic modeling to handle uncertainties and investment decisions appropri-
ately. The decisions have to be independent from knowledge of actual paths that will occur.
Thus, we must define a set of decision variables and a set of constraints to prevent an opti-
mization model from being solved by anticipating events in the future. In addition, we need a
sufficient number of paths to get a better accuracy with respect to the future possible events.
The concept of scenarios is typically employed for modeling random parameters in multi-
period stochastic programming models. Scenarios are constructed via a tree structure as in the

left-hand-side of Figure 2 (see Mulvey and Ziemba, 1995 and 1998 for a detailed discussion). The



model is based on the expansion of the decision space, taking into account a conditional nature
of the scenario tree. Conditional decisions are made at each node, subject to the modeling
constraints. To ensure that the constructed representative set of scenarios covers the set of
possibilities to a sufficient degree, the numbers of decision variables and constraints in the

scenario tree may grow exponentially. This model is called a scenario tree model.

Scenario Tree Simulated Paths
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: time : : time
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Figure 2: A scenario tree and simulated paths

Meanwhile, simulated paths give another description of scenarios shown as in the right-hand-
side of Figure 2. Hibiki [2000, 2001b] developed a simulated path model in a multi-period
optimization framework. If we formulate stochastic differential equations or time series models
associated with asset returns, discrete asset returns are generated by a standard Monte Carlo
simulation technique to describe uncertainties more accurately than would the scenario tree as in
the left-hand-side of Figure 2. However, if a decision is made on the associated path, the model is
solved anticipating the event in the future. Therefore, the rule that the same investment decision
is made at each time is defined to satisfy the non-anticipativity condition in the simulated path
model.

We do not use the scenario tree model, but the simulated path model. This is because the
model involves determining the optimal life and fire insurance money, and we need a lot of
paths at each time to describe the mortality rate and the rate of the fire. According to the life
insurance standard life table(1996), the mortality rate for 50 years old men is 0.379%. Even if
the householder dies on a path to describe the appropriate mortality rate, we need 264 paths
at each time. If we construct a scenario tree over 30 years, we have to generate an enormous
tree, and we cannot solve the problem in practice. Therefore, it is essential for this type of the
problem to use the simulated path approach, and we use the simulated path model in this paper

2 | The formulation and numerical tests with the hybrid model are our future research.

2Hibiki(2001c, 2003) developed the hybrid model, which not only describes the uncertainties on the simulated



4 Optimization Model

We formulate and solve a multi-period optimization model with simulated path structure, and

calculate an optimal asset mix and insurance money of a household.

4.1 Notations

(1) Subscript/Superscript

j rasset (j=1,...,n)

t:time (t=1,...,T)

i :path (i=1,...,1)

(2) Parameters

I : number of simulated paths.

pjo : price of risky asset j at time 0, (j =1,...,n).

pgi) : price of risky asset j of path ¢ at time ¢, (j=1,...,n; t=1,...,T; i=1,...,1I).
o) = (14 B pjo, (G=1,omsi=1,...,1)

o) = (1R o =1 t=2 T i=1,..,1)
where Rg-? is the rate of return of risky asset j on path 7 at time ¢.

ro : interest rate in period 1, (the rate at time 0).
rf L ¢ interest rate in period ¢ (the rate of path i at time ¢t — 1), (t=2,...,T; i =1,...,1).
Tl(yt : one if a householder dies on path 7 at time ¢ and zero if otherwise.
7-2(715 : one if the fire of the house occurs and zero if it does not occur.
734 - one if a householder is alive on path ¢ at time ¢ and zero if otherwise.

. : 1< (i)
A1t mortality rate at time ¢ : Ay =Pr(riz=1)=-) 7,

I =1

1 i
A2 : rate of the fire(which is time independent) : Ay =Pr(m;=1) = 7 ZTz(t)

g1 : guaranteed interest rate on life insurance policies.

f1 : one if single payment life insurance is bought and zero if level payment life insurance is

bought.
Yy, : premium of single payment life insurance per unit:  yp =1

(A unit of insurance policy corresponds to the present premium of 1 yen.)
Yyf, : premium of level payment life insurance per unit derived by Equation (6).
y(Li?t : premium of life insurance per unit at time ¢:

y(Lz’)t =yp - firar +yp - (1— fl)ngft), where 740 = 1, 74+ = 0(t # 0).

path structure but also makes conditional decisions on the tree structure. The hybrid model is allowed to expand
the decision space and to make conditional decisions as in the scenario tree model. The simulated path model is
a special version of the hybrid model.



61 : life insurance money per unit derived by Equation (4).

L,gi) : life insurance money per unit on path 7 at time ¢: L,gi) = 1(22 01

g2 : guaranteed interest rate on fire insurance policies.

yF : premium of fire insurance per unit : yp =1

A2 : one year fire insurance money per unit derived by Equation (7).

Ft(i) : one year fire insurance money per unit on path 7 at time ¢ : ﬂ(i) = 72(22 02

a : loss ratio of non-financial asset due to the fire of the house.

Agi) : loss of non-financial asset due to the fire of the house on path i at time ¢:
A =1y e (1=7)- Wy,

my’ : wage on path ¢ at time ¢.

Mt(i) : wage income a householder earns on path i at time ¢: Mti) = T3t mt'

Ht(i) : debt loan on path ¢ at time ¢.

Cﬁ : consumption expenditures for life on path ¢ at time ¢.

Célz : consumption expenditures for non-financial asset on path 7 at time ¢.

Ct(i) : total consumption expenditures on path ¢ at time ¢: lei) = C’{Zg + C’Sg

v : depreciation ratio of non-financial asset.

Wl(zt) : total amount of financial asset on path 7 at time t.

(Wi is a total amount at time 0.)

WQ(Zt) : total amount of non-financial asset on path 4 at time ¢ 3 : Wg(zt) =(1-7)- 2(?,1 + Célz

WE : lower bound of expected terminal amount of financial asset.

Weg @ target terminal amount of financial asset used in the LPM formulation.

(B : Probability level used in the CvaR formulation.

L, : lower bound of cash at time ¢t. When L, ; < 0, the borrowing can be allowed.
(3) Decision variables

zjt : investment unit of asset j at time ¢t. (j=1,...,n; t=0,...,7 - 1)

vg : cash at time 0

U,Ei) : cash of path ¢ at time ¢t. (t=1,...,7—1)

ur, : number of life insurance bought at time 0.

up; . number of one-year fire insurance bought at time ¢.

Vs : B-VaR used in the CVaR formulation.

¢® : @ (LPM) shortfall below target terminal amount of financial asset(= Wg) on path i,
¢'9 = max (WG - Wl(l%, O)

3Non-financial asset is decreased by A? due to the fire, but it is increased by A? by spending the same money
to recover the loss. Therefore, A} does not affect the total amount of non-financial asset. Instead, it affects the
cash flow as shown in Equation (9) and (10).



@ (CVaR) shortfall below B-VaR(= Vj) of terminal amount of financial asset(= Wl(%)
on path i, ¢® = max (Vg — Wl(l%, 0)

4.2 Objective function, return requirement and cash flow except trading as-
set

(1) Objective function
The objective is the minimization of the first-order lower partial moment LPM; or the maxi-
mization of the CVaR associated with terminal amount of financial asset subject to the minimum

return requirement. Two kinds of risk measures are defined as follows.

(D First-order lower partial moment
I
LPM; = Min { 7 ; q(7)

® Conditional value at risk

)

W +¢® > We, (i = 1,...,1)}

1 &
CVaRg = Max { Vs — =9 ; q(7)

W = Va+q% 2 0, (z‘=1,...,f>}

Even if CVaR of Wy — Wl(l% is used to minimize the objective, we have the same solutions

as the solutions derived from the maximization of CVaR of Wl(l) .

(2) Return requirement

We define the expected terminal amount of financial asset E[W; 7| as return measure. The
lower bound is Wg, and therefore the minimum return requirement is formulated as :

I .

> Wi =W

i=1
(3) Cash flow except trading assets

Cash flow constraints are important in the multi-period optimization approach. Cash flow

except trading assets Dl(f) is associated with wages, expenditures, and insurance. It is formulated

as follows.
Dt=1,---,T—1
D,gi) = t(i) + Ht(i) — C't(i) — y(Li’)tuL — YFUupt + Lgi)uL + Ft(i)uF,t,l — Agi)
= Aim® B — (CS)-+ C49) s~ e + <0+ 7Sl
—) (1= )Wy e (9)
® t =T : Insurance payment is not required at time 7.
DY = MY + HY — 0P + LPup + P upr_y — A
= ripm{) + HyY — (O + O3 ) + 7{prur + m5p0ourr
~ryr(1=7)Wyp_ 0 (10)

10



4.3 Formulation

(1) First-order lower partial moment

I
1 ‘
M. . . - (Z) 11
inimize 7 ;q (11)
subject to
n
> pjozjo + vo + yLour + yrume = Wi (12)
=
(i) () ) _ x~ () (i)
W =) Y pizio+ A +rowo+ Dy =Y pizin+v”, (i=1,...,1) (13)
= =

W8 =) 32 ospus+ (1 00) ol 4 D00 = 3 o007

J=1 j=1
(t=2,...T—1; i=1,....]) (14)

Wi = {ZP;-Z%Z]‘,T—l +(14+7f),) U(Ti)l} +DW (i=1,...,1) (15)

j=1
L 0
72 Wir = Wg (16)
=1
Wi +qD > We, (i=1,....1) (17)

upy >0, (t=0,...,T—1)
. (i=1,...,])

where Wl(zt) is an amount of financial asset on path ¢ at time ¢.
(2) Conditional value at risk

Equation (11) is replaced with :
L N6
Maximize Vg— ———=> ¢" (18)
A &
and Equation (17) is also replaced with :

Wiy —Va+d® >0, i=1,...,1) (19)

If Vj is replaced with W, the formulation is equivalent to the formulation using the first-order

lower partial moment.

11



5 Numerical examples

5.1 Preparation

We report some results of numerical test. The parameter values used in the examples are shown

in Table 2. We show the result of the CVaR problem.

Table 2: Parameter values

Parameter Value
number of risky assets n=1
length of one period one year

retirement age of a householder

60 years old

number of periods

T = 60 — current age of a householder

expected rate of return of risky asset pw=0.1
standard deviation of rate of return of risky asset o=0.2
risk-free rate r=0.03
mortality rate Ae(T)
rate of the fire Ay = 0.005
guaranteed rate on life insurance g1 = 0.05
guaranteed rate on fire insurance g2 = 0.05

payment of life insurance

level payment fi=0

wage income million yen

my=0.125 x t+5

consumption expenditure million yen
(expenditure for purchasing non-financial asset)

Cy = CLt + 027,5 =0.125 x t +4.25
(Coy = 0.4 x (14 0.01)171)

initial amount of financial asset million yen Wi =10

amount of non-financial asset million yen Wat =10 x (1+0.01)
initial amount of non-financial asset million yen Wao =10
depreciation rate of non-financial asset v =0.03

loss of non-financial asset due to the fire a=1

lower bound of cash (million yen) Lyo=0, L,; =—1,000(t # 0)
probability level 6=0.8

number of paths 1 =15,000

1 The rates are estimated by the “life insurance standard life table 1996 for men.

5.2 Householder’s age and optimal strategy

Lower bound of expected amount of financial asset is calculated by

Wg = Wi X (1 + MV[/)T

where py = 10%. Figure 3 shows the optimal investment amount of risky asset, the optimal

life insurance money, and the optimal fire insurance money at time 0 for each householder’s age.

For example, when the householder is 50 years old, the optimal investment is 5.14 million yen,

the optimal life insurance is 53.62 million yen, and the optimal fire insurance is 10.40 million

yen.

12



The higher the householder’s age is, the less the optimal life insurance money at time 0 is.
Because a younger householder earns a large amount of wage income in the future, he needs
to purchase a more expensive life insurance in order to hedge risk associated with the wage
income. The optimal fire insurance money at time 0 is approximately constant (about 10 million
yen) without reference to the householder’s age, because initial amount of non-financial asset
hedged at time 0 is assumed to be constant (10 million yen) and o = 1 in this example. It is
approximately equal to loss of the non-financial asset due to the fire. We obtain the practical
result which shows that only the fire insurance can hedge loss due to the fire. The higher the
householder’s age is, the less the optimal amount of risky asset at time 0 is. This reason is that
younger householders can take a larger risk for a longer investment period, and therefore invest

in a larger amount of risky asset.

0 [ Life insurance 24 Fire insurance —€—Risky asset 1 14
~ 100 o o 712*53
) - 3
5 Ik B
E 80";-0:-‘(’,&;77777:—__ 10 ’;i,g
B> \ - 8 B
g 'Q.* B | EE
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5 4 E
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20 tHHHHHHHHHHHHHHHHHHHHH ) E

AR AR AR R AR .

30 32 34 36 38 40 42 44 46 48 50 52 54 56 58

Householder's age

Figure 3: Householder’s age and optimal strategy

5.3 Expected terminal amount of financial asset and optimal strategy

We examine the model using the various lower bound of the expected terminal amount of
financial asset. The householder is 50 years old, and therefore T' = 10. The value of Wg is given
every one million yen from 20 million yen through 30 million yen. We show the relationship
between the expected terminal amount and the optimal strategy at time 0 in Figure 4.

The optimal life insurance money is approximately constant in the range from 50 million yen
through 55 million yen without reference to the expected terminal amount of financial asset.
The optimal fire insurance money is approximately 10 million yen. The higher the expected
terminal amount of financial asset is, the more the optimal investment amount of risky asset
is. This is because the investment in risky asset needs to be increased to achieve the higher

expected return, and the financial asset can be purchased as a hedge against inflation, but it
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cannot be used to hedge risk associated with the life and the fire 4 .
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Figure 4: Expected terminal amount of financial asset and optimal strategy

Next, we show the optimal fire insurance from ¢ = 0(present) through ¢ = T'— 1(previous year
of the retirement) for Wg = 28 million yen in the left-hand-side of Figure 5. The optimal fire
insurance is approximately equal to the amount of non-financial asset. This is consistent with
the result in Figures 3 and 4. We show the optimal investment ratio in the right-hand-side of
Figure 5. As time passes, investment ratio of risky asset decreases from 72% to 57%. This is

consistent with the result in Figure 3 that younger households tend to invest in more risky asset.
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Figure 5: Optimal fire insurance money and investment ratio of risky asset

4Note that three kinds of financial products, the life insurance, the fire insurance and risky asset, are used to
hedge risk against the death of the householder, the fire of the house, and inflation, respectively.
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5.4 Optimal strategy for two risky assets case

We test an example of two risky assets. We substitute parameters in Table 3 for parameters

associated with risky assets in Table 2.

Table 3: Parameter values

Parameter

number of risky assets

expected rate of return of risky asset A

standard deviation of rate of return of risky asset A

expected rate of return of risky asset B

standard deviation of rate of return of risky asset B

correlation coefficient between risky assets A and B

Value
n=2
wa = 0.07
oa=0.1
UB = 0.13
o = 0.3
paB =0

The householder is 50 years old, and therefore T' = 10. The value of Wg is given every one

million yen from 20 million yen through 30 million yen. We show the relationship between the

expected terminal amount and the optimal strategy in the left-hand-side of Figure 6.
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Figure 6: Expected terminal amount of financial asset and optimal strategy

We compare the left-hand-side of Figure 6 with Figure 4. The result shows that the optimal

life insurance is about 55 million yen, and the optimal fire insurance is about 10 million yen

without reference to the expected terminal amount of financial asset. We have almost the same

result as one risky asset case. As the expected terminal amount increases, the optimal total

investment in two risky assets is more than the optimal investment in one risky asset in Figure

4. The right-hand-side of Figure 6 shows the relationship between the expected terminal amount

of financial asset and investment ratio. The higher the expected terminal amount of financial

asset is, the more risky assets we invest in from Wg = 20 million yen through Wg = 27 million

yen. We invest all money in risky assets over W = 27 million yen. The ratio of risky asset A

is higher than riskier asset B. However, because risky asset B has a higher expected return, the

percentage of asset B goes up and the percentage of asset A goes down as Wg becomes large.
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28 million

Next, we show the optimal investment ratio from ¢t = 0 through ¢t =T — 1 for Wg

yen in Figure 7. Total investment ratio of risky assets is 100% at time 0(76.4% for asset A and
23.6% for asset B), however it declines to 79.9% at time 8 and 47.6% at time 9(26.3% for asset

A and 21.4% for asset B).
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Figure 8: Efficient frontiers of the terminal amount of financial asset

Figure 8 shows the two efficient frontiers of the terminal amount of financial asset in the

expected value and CVaR of g = 0.8 space. One is the efficient frontier derived with two risky

assets which shape is concave, and the other is the efficient frontier derived with one risky asset
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which shape is a straight line. The frontier using two assets dominates the frontier using one

asset. This graph clarifies the effect of diversification on portfolio risk.

6 Illustration of consulting households for practical use

Our goal is to develop an asset and liability management tool(a financial consulting tool) to give

an financial advice to households or individual investors. We examine the model for the goal.

6.1 Assumption setting

Suppose that we give an financial advice to three households in Table 4. Three households have
the same family structure and age. However, the occupation of the householders, the educational

plan, and the purchase plan of a new house are different among them.

Table 4: Attribution of the households

Ttem | Household A | Household B | Household C
family householder 30 years old
structure spouse 28 years old
(age) first child 0 years old
second child — birth in 3 years —
occupation | householder local government | financial institution medical practitioner
spouse housewife
elementary public private private
school to senior high
(education) | university national private medical
(house) (living alone) (at home) (at home)
wedding payment child parents child
current type official residence apartment single house with a clinic
house rent 25,000 yen 200,000 yen 420,000 yen
area local city center of Tokyo outskirts of Tokyo
time when householder’age is 40 years old
new type single house apartment single house with a clinic
house price 30 million yen 50 million yen 100 million yen
buying initial payment 10 million yen 20 million yen 30 million yen
plan interest rate 6% fixed
period 20 years

The householder of Household A works at a local government, and the family lives in a
relatively cheap official residence. However, the household plans that it will prepare 10 million
yen as a down payment ten years later and buy a single house in a local city which costs 30
million yen. The parents make an educational plan that the child will go to the public elementary
school, junior high school, and high school, and the national university. The householder of
Household B works at a financial institution, and the household plans that it will prepare 20
million yen as a down payment ten years later and buy an apartment in the center of Tokyo
which costs 50 million yen. The parents make an educational plan that the child will go to the

private elementary school, junior high school, high school, and university. They will support the
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wedding payment for their children. The householder of Household C is a medical practitioner
at his clinic. He wants his child to go to the medical school, and to take over his clinic. The
household plans that it will prepare 30 million yen as a down payment ten years later and buy
a single house with a clinic which costs 100 million yen.

When a financial planner starts to consult a household, the life plan of the household is
examined by making a cash flow table from the present through the target time. The cash flow
table is made so that it reflects the attribution of the household such as its income, expenditure,
life event in the future.

(1) Wage incomes and consumption expenditures

We show the wage incomes and expenditures of three households in Figure 9. The wage
income depends on the householder’s age and his occupation. We calculate the wage income
of the household over time based on the Census of wage by Ministry of Health, Labor and
Welfare(2003) as in the left-hand-side of Figure 9. Household A whose householder is a local
government employee has the wage income with the upward trend. The increasing rate in salary
is constant without reference to age and therefore the wage income is the linear function of age.
Household B whose householder is a financial institution employee has a highly increasing rate
in salary until 50 years old, however the wage income declines afterwards. Household C whose
householder is a medical practitioner has a constant wage income without reference to age, and
earns the highest wage among them.

The consumption expenditure depends on the wage income, family structure and school(education)
plan. We calculate average consumption expenditures with respect to each number of family
and each income level of family based on the national survey of family income and expendi-
ture(1999) by Statistic Bureau, Ministry of Internal Affairs and Communications. We calculate
average educational expenses based on the survey of household expenditure on education per
student(2001) , the survey of student life by Ministry of Education, Culture, Sports, Science
and Technology. We show each consumption expenditure of households except a rent and a new

house buying cost in the right-hand-side of Figure 9.
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Figure 9: Annual wage income and consumption expenditure of each household
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The higher the wage income is, the larger the consumption expenditure is. The consumption
expenditure depends on the number of children and the educational plan. The difference of the
annual expenditure between Household A and B is about 400 thousand yen in the beginning
of lifetime. However, Household B needs more 2.77 million yen than Household A when the
householders are 46 years old, and this is a maximum difference. This is because Household
B has two children who will go to a private school, and Household A has a child who will
go to a public school. Household C has to pay about 5 million yen annually for 6 years as
the educational cost because the child will go to a medical school. The annual consumption
expenditure of Household C in this period is about 14 million yen, and it is twice more than
Households A and B.

(2) Housing expenditure

We divide the housing expenditure into three parts: rent (before purchasing the house), initial
payment (down payment when purchasing the house), and annual payment (after purchasing
the house). The households continue to pay annual rent in Table 4 until they purchase their
own house. The initial payment is paid when the households are 40 years old and they purchase
their own house. Households A, B, and C pay 10, 20, and 30 million yen respectively. Annual
payment assumes to be equal payment with interest, and it is calculated with loan account
(house price minus initial payment), loan period, and interest rate. Household A, B, and C
amortize their debts of 20, 30, and 50 million yen over 20 years at 6% interest, and therefore
annual payments are to be 1.74, 2.62, and 6.10 million yen, respectively.

Which should three kinds of housing expenditures be included in the expenditure for life C' ;
or non-financial asset Co; 7 Rent is the expenditure for life C'y ; because it does not contribute
to increase the non-financial asset. We assume that a fraction(«) of non-financial asset (Wa;)
is lost when the fire occurs, but it is kept the same value by spending money and restoring the
non-financial asset. The house is the non-financial asset of the household, and the loss due to
the fire is not a fraction of total loan paid before the fire occurs, but a fraction of the house
price. The initial and annual payments are not included in the expenditure of non-financial
asset U4, but the expenditure for life C'y 4, because the house price is added to the non-financial
asset when the house is bought, and the value of the non-financial asset does not depend on the
amount of initial payment and loan period.

(3) Cash flow tables and other parameters

We make cash flow tables of three households based on the above-mentioned setting. Three
parameters of wage income my, expenditure Cy, non-financial asset Wy, can be calculated by
using the cash flow tables. The consumption expenditure (Cy) is the sum of the expenditures
for life (C1.) and non-financial asset (Ca;). The consumption expenditure for life consists of
the living expense, educational cost, and rent or loan payment for a house. Due to limitations
of space, cash flow tables are omitted. Other parameters are the same in Table 2 except m¢, Cy,

and Wa; set in Table 2. The expected terminal financial asset is set to Wg = 70 million yen.
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6.2 Analysis

We solve the problem and obtain the optimal strategies for three households. We show three
graphs: Figure 10 for Household A, Figure 11 for Household B, and Figure 12 for Household C.
(1) Household A

As shown in Figure 10, the optimal life insurance is about 87 million yen, the optimal fire
insurance is 10 million yen, and the optimal investment ratio of risky asset is about 15% at time
0. The optimal strategy over time shows that the optimal fire insurance jumps up and it rises
about 30 million yen, to about 40 million yen when the house is bought (the householder is 40
years old), and it keeps afterwards. This reason is that the household additionally purchases
the same amount of the fire insurance as the house price and the optimal fire insurance money
is equal to the non-financial asset value at each time as described in Section 5. Our practical
feeling coincides with the result. The investment ratio of risky asset is almost constant, however
it also jumps up when the house is purchased, and it becomes volatile depending on the event.
For example, the investment ratio of risky asset becomes high when the initial payment is done
for the house and the educational expense is temporally expensive due to the enrollment fee for
children. This reason is that we pay these types of temporal expenditure with risk-free asset,
and the ratio of risky asset turns out relatively high among the holding assets.
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Figure 10: Optimal strategy for Household A
(2) Household B
As shown in Figure 11, the optimal life insurance money is about 140 million yen, the optimal
fire insurance money is 10 million yen, and the optimal investment ratio of risky asset is about
22% at time 0. The optimal life insurance of Household B is 1.6 times as expensive as that of

Household A, because Household A and B have the different wage incomes and consumption
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expenditures. Life insurance is used to hedge risk associated with the future wage income, and
therefore the optimal life insurance of Household B which has the higher cumulative wage income
is higher than that of Household A. Moreover, Household B has more children with expensive
educational costs, and the higher house price than Household A. Household B needs to buy more
expensive life insurance than Household A in order to spend the predetermined money on the

children and the house even if the householder dies.
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Figure 11: Optimal strategy for Household B

The optimal fire insurance and the optimal investment ratio of risky asset over time are
different from those of Household A, but the overall characteristics is similar to Household A.
We need to purchase the fire insurance which is equal to the non-financial asset value at the
current time, and our optimal strategy is to hold constant ratio of risky asset until the house
is purchased. After the house is bought, investment ratio of risky asset jumps up due to the
decrease of risk-free asset caused by the temporally expensive expenditure as well as the case of
Household A. The reason is that the initial payment of 20 million yen makes up large percentage
among the current holding asset. We have to hold the high investment ratio in the range from
50% to 70% until the retirement in order to achieve the expected terminal financial asset of 70
million yen.

(3) Household C

As shown in Figure 12, the optimal life insurance is about 300 million yen, the optimal fire
insurance is 10 million yen, and the optimal investment ratio of risky asset is about 15% at
time 0. A series of the optimal fire insurance over time is the same as the others, however the
optimal life insurance is much bigger than the others. This reason is that Household C has more

cumulative wage income and consumption expenditure than the others.
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Figure 12: Optimal strategy for Household C

The analysis shows that the optimal insurance strategy and investment strategy depend on
the attribution and life cycle of the household. We should give an financial advice and we can

tailor the optimal strategy for households.

7 Concluding remarks

In this paper, we formulate the ALM optimization model for a household using the multiperiod
simulated path approach. The household faces three kinds of risk factors: the death of the
householder, the fire of the house, and inflation. We show the life insurance to hedge death risk
for a householder, the fire insurance to hedge fire risk, and the risky asset to hedge inflation
risk. We describe the multiperiod optimization model to determine the optimal investment and
insurance strategy, and we build up assets stably by hedging various risk in conjunction with
the life cycle until the householder retires.
Our numerical examples show the practical results as follows;
(D The older the householder is, the less the optimal life insurance is, because the life insurance
can hedge risk associated with the wage income earned in the future.
® The optimal fire insurance is equal to the maximum loss of non-financial asset because the
fire insurance can hedge risk against loss of non-financial asset.
We can obtain an interesting result that inflation risk does not affect the optimal life insurance
and the optimal fire insurance because the life insurance and the fire insurance have the ability
to hedge risk which cannot be substituted by other financial products. Inflation risk is described

by the increase of the expected terminal financial asset in this paper. We illustrate the optimal
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investment and insurance strategy which reflect the life cycle and the attribution of the household
such as wage income earned by the householder, purchase of the house, the number of children.
We can show the usefulness of the model with the practical examples.

We examine that the model can be served as the financial consulting tools. It becomes more
important to use the tools for giving a financial advice. We expect this type of the model will

be used widely in practice.
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